Based on the differential conformal transformation in the fractional order, we defined the fractional memristor in contrast to the traditional (integer-order) memristor. As an example, a typical spintransfer torque (STT) memristor (with the asymmetric resistance hysteresis) was proved to be a 0.8 fractional memristor. In conclusion, many memristors should not be treated as ideal ones due to the fractional interaction between flux and charge. Indeed, unless a non-ideal memristor is properly modelled as a fractional memristor, no deep physical understanding would be possible to develop a reliable commercial product. Published by AIP Publishing. https://doi.org/10.1063/1.5000919
An (ideal) memristor 1 can be approximated by a piecewiselinear curve ( Fig. 1 )
where R AP denotes the slope of the lower segment, R P denotes the slope of the upper segments, and q ¼ Q 0 denotes the charge breakpoint.
The corresponding memristance function R(q) is derived by differentiating Eq. (1) with respect to q. The dynamics equations for the above model in the integer-order (it means the order of the differential or the integral is an integer) are as follows:
where sgn is defined by sgn(x) ¼ 1 if x >0 and sgn(x) ¼ À1 if
The memristance depends on the complete past history of the memristor current, i.e., the time integral of the current. Equation (4) represents the memory of i(t)'s history and is the particular case of the following memory functional when the kernel is the Heaviside function
When K(t) is the Dirac function, x(t)¼k i(t), which corresponds to the traditional resistor without any memory effect.
The fractional derivative as a derivative of any arbitrary order was first concepted by Leibniz in 1695. 2 In this work, we will use the differential conformal transformation based on Caputo's derivatives, whose initial conditions are in the same form as for the integer-order differential equations and whose physical meaning is clear. [3] [4] [5] Caputo's definition is illustrated as follows:
in which m is an integer satisfying m À 1 < a < m. 
Then,
Therefore, the fractional-order dynamics equations for the (non-ideal) memristor are as follows: Published by AIP Publishing.
where D Àa t i t ð Þ represents the memristor's memory effect and R a q ð Þ represents the memristor's fractional-order memristance. The above equations reflect a fractional-order coupling between flux and charge.
The above 2-segment memristor could be a spin-transfer torque (STT) junction, 6, 7 in which the memristive mechanism is quite universal. Many STT implementations display the two stable, distinct memristances with abrupt jumps. 8, 9 Observing Fig. 2 carefully, one can find that the rectangular resistance hysteresis loop R-i is shifted along the i axis, resulting in the asymmetric critical switching currents usually higher than I À C from AP to P, which has been clarified due to the intrinsic difference in the spin transfer torque efficiency for the negative and positive current directions in GMR pillars. 10 Reference 11 also suggests that it is attributed to the different spin accumulation for the two current flow directions and the stray field caused by the fixed layer. In this work, we will use the defined fractional memristor to model the STT junctions as an example.
The differential conformal transformation 12 is vividly illustrated in Fig. 3 : a given u-q curve for a STT memristor in the u-q plane in (c) is projected onto the v-i plane in (d) and R-i plane in (b). This transformation says that the slope (c) of the line tangent to the u ¼ûðqÞ curve at an operating point (t ¼ t 0 ) in the u-q plane is equal to the slope (c 0 ) of a straight line connecting the corresponding point (t ¼ t 0 ) to the origin in the v ¼vðiÞ loci (on the same scale as the u-q plane).
The graphic method for the above transformation is as follows: Draw the voltage-current loci v ¼vðiÞ corresponding to the above given u ¼ûðqÞ curve: (1) Getting c at an operating point (t ¼ t 0 ) in the u ¼ûðqÞ curve, we would draw a straight line through the origin in the v-i plane whose slope is c 0 ¼ c; and (2) Projecting the point (t ¼ t 0 ) from the u-q plane onto the v-i plane by following Projection Lines PL1, PL2 and PL3, we would eventually end up with the same time point (t ¼ t 0 ) in the v-i plane and the R-i plane by meeting Projection Line PL3 with the drawn line in the first step. Applying the sinusoidal current source i(t) ¼ A cos(xt) with A ¼ 2Q 0 x a across the memristor, the corresponding memristor charge is given by Eq. (11) . Then, we have
sinðxtÞ, so the initial charge q(t ¼ 0) ¼ 0. As can be clearly seen in Fig. 3 , the sweeping range (4Q 0 ) of q(t) is four times as great as the separation (Q 0 ) between the breakpoint and the origin. Such a full range sweep ensures a thorough switching from one memristance to another in the STT memristor junction, which is extremely vital in applications such as MRAMs.
In Fig. 3 , the memristor u-q curve traverses from q ¼ 0 at t ¼ 0 to q ¼ 2Q 0 at t ¼ p/x. Starting from q(0) ¼ 0 at t ¼ 0, the memristor charge q(t) increases along the lower branch while maintaining a constant high memristance value of R AP until it reaches the breakpoint at q ¼ Q 0 where it switches abruptly to the upper branch and continues to increase, with the constant low memristance value of R P , until it reaches the maximum value of q(t) ¼ 2Q 0 at t ¼ p/(2x) corresponding to the end of the first 1/4 cycle (corresponding to the Time Label 0!1!2!3) of the sinusoidal charge q(t). In Fig. 3(d) , the corresponding chord memristance 12, 13 remains constant at R AP before the voltage switching take place at I þ c and at R P after I þ c . The chord memristance is defined as the slope of a straight line connecting the corresponding point to the origin in the v-i plane. 12, 13 Observe also that the switching occurs instantaneously in this case in view of the discontinuity in the slope of the u-q curve at the breakpoint q(t ¼ t 1 ) ¼ Q 0 at t ¼ t 1 . In the 2nd 1/4 cycle (Label 3!4!5), the u-q curve traverses back from q(t) ¼ 2Q 0 at t ¼ p/(2x) to q(t) ¼ 0 at t ¼ p/x, and both the current i(t) and voltage v(t) change their signs. When the u-q curve goes through the breakpoint at Q 0 again, the corresponding voltage v(t) switches abruptly from the upper branch (R P ) to the lower one (R AP ) at I À c . Obviously, the two switching points in the
) because they correspond to the same breakpoint Q 0 (but along the two different directions) in the u-q plane. In the remaining half cycle (Label 5!6!7!8!9), the v-i curve is a straight line without any switching as the slope of the u-q curve maintains a constant high memristance value of R AP until it reaches the origin. Figure 3(d) shows typically a pinched hysteresis loop, i.e., double-valued Lissajous figure of [v(t), i(t)] for all times t except when it passes through the origin, where the loop is pinched. 13 Obviously, the STT junction bears the fingerprint of a memristor and should be modelled as a memristor.
As described above, we transcribe the corresponding loci of the memristance R(t) from the pinched hysteresis loop into the R-i plane. What we obtain is a rectangular resistance hysteresis loop shown in Fig. 3(b) . Such a rectangular loop is symmetric (jI Fig. 2 . Such a difference encourages us to guess a real-world STT junction which may not be described as an ideal memristor. Next, we will investigate the STT memristor's fractional-order model when 0 < a < 1.
Especially when the fractional-order a ¼ 0. Fig. 4(e) . Obviously, q(t) is shifted by 0.4p along the t axis. Such a shift causes an asymmetric shifts (jI þ c j 6 ¼ jI À c j) of the two switching points of the v-i and R-i curves although the breakpoint Q 0 of the u-q is fixed.
Concretely,
Generally, for any 0 <a < 1,
In Fig. 5 , the asymmetry DI ¼ jI þ c j À jI À c j is shown as a function of the fractional-order a. The asymmetry needs to be normalized for a fair comparison due to the assumption A ¼ 2Q 0 x a (the amplitude A is a function of the frequency x). For an ideal memristor (a ¼ 1), there is no asymmetry (DI ¼ 0). With the increase in x, the asymmetry reaches its maximum at different fractional-orders.
The similarity between such an asymmetric rectangular R-i curve in this figure and the measured one in Fig. 2 reveals that a STT junction is not an ideal memristor, in which a ¼ 1.
The STT junctions have been widely made 8-11 since Slonczewski and Berger originated the STT theory in 1996. 6, 7 So far, nobody called the STT junction a fractional memristor. It is our original contribution to first concept the fractional memristor based on the differential conformal transformation in the fractional order and proved that a typical STT junction is a 0.8 fractional memristor.
In conclusion, compared to the (traditional integer-order or ideal) memristor, the fractional memristor has the following advantages: (1) The fractional memristor is a real electrical element that is not ideal; (2) Deep physical understanding would be possible to develop a reliable commercial product for real-world applications [for example, the switching asymmetry in the STT MRAM (Magnetic Random Access Memory) could be modelled accurately by the fractional memristor and then reduced accordingly based on its physical origin]; (3) The fractional memristor representing the intermediate cases can seamlessly fill the gaps between the integerorder elements in the so-called Triangular Periodic Table of Elementary Circuit Elements, which is important to categorize the existing circuit elements and predict new elements.
